Separability and entanglement of spin $1$ particle by Man'ko, V. I. & Markovich, L. A.
ar
X
iv
:1
40
6.
71
18
v2
  [
qu
an
t-p
h]
  2
1 A
ug
 20
14
Quantum Information and Computation, Vol. 1, No. 0 (2001) 000–000
c© Rinton Press
SEPARABILITY AND ENTANGLEMENT OF SPIN 1 PARTICLE
V.I. MAN’KO∗
P.N. Lebedev Physical Institute, Russian Academy of Sciences, Leninskii Prospect 53, Moscow 119991, Russia
L.A. MARKOVICH†
Moscow Institute of Physics and Technology, State University, Moscow, Russia
Received (received date)
Revised (revised date)
We define the separability and entanglement notion for particle with spin s = 1. We
consider two cases. In the first the particle is composed of two fermions with s1 = 1/2
and s2 = 1/2. In the second case the state is the qutrit state which is not composed
system. The notion of negativity and concurrence is defined for the qutrit state. The
concurrence and negativity of entangled and separable qutrit states determined by the
parameters of the density matrix are explicitly calculated. The maximum entanglement
of the qutrit state is observed for maximum values of non diagonal matrix elements of
the density matrix. New entropic inequalities for the density matrix of the qutrit state
are obtained.
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1. Introduction
The notion of entanglement [1] is considered for composite systems which have subsystems.
Two particles with spins 1/2 provide an example of such system. The composite systems have
correlations of degrees of freedom of the subsystems. Notion of single particle entanglement
was studied for example in [2]. Recently the possibility to study quantum correlations in the
noncomposite systems were discussed [3, 4, 5, 6]. The presence of quantum correlations in
noncomposite systems is detected by different kinds of inequalities like Bell inequalities [7, 8, 9]
which are violated for entangled states [10] and inequalities for von Neumann entropies and
informations determined by density matrices of the system and its subsystems. As it was
pointed out in [11] analogues inequalities can be obtained for systems without subsystems.
The aim of our work is to study the notion of entanglement properties introducing the
concurrence and negativity of 3× 3 density matrix. The entropic inequalities of the concrete
system with spin 1 (qutrit) when the system corresponds to two fermions in symmetric spin
state are obtained. Analogous entropic inequalities are studied for non composite system
(tree-level atom). We get the analog of subadditivity condition for the von Neumann entropy
of the system state and for two entropies which describe properties of two ”qubit” density
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matrices. These density matrices are obtained by means of positive map from the density
matrix of the system. This positive map corresponds to map of indices labeling basis vectors
in the Hilbert space of the system states. For example, we use the map | ↑↑>↔ |1, 1 >↔ 1 for
which the usual notation for spin state projections +1/2 +1/2 is denoted as |11 >. Other basis
vectors are labeled by analogously. The analog of negativity and concurrence was introduced
for this state.
The outline of the paper is as follows. In Section 2 standard entropic inequalities known
for two-qubit systems are reviewed. In Section 3 the notion of separability and entanglement
is described for the composite system of two spin 1/2 particles. In Section 4 the spin 1 system
is considered as a symmetric spin state of two spin 1/2 particles. It is studied as one qutrit and
the entanglement notion for this qutrit is discussed together with new entropic inequalities.
Prospectives and conclusion are presented in Section 5.
2. Review on Two-qubit Entropic Inequalities
The notion of entanglement is best studied on the example of a pair of qubits, each defined on
two dimensional Hilbert space. The partial Peres transposition condition gives a criterion of
entanglement for this bipartite system. However, for more complicated systems the notion of
entanglement is stile an open problem. In this paper we would like to study the entanglement
for the qutrit state using known technics for two-qubit system.
To this end, let us define a quantum system on the Hilbert space. The density matrix of a
system state in a four-dimensional Hilbert space H is
ρ =

ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44
 . (1)
The latter matrix has standard properties of the density matrix: ρ = ρ†, Trρ = 1 and its
eigenvalues are nonnegative. Next, we define the invertible map of indices 1 ↔ 1/2 1/2;
2 ↔ 1/2 − 1/2; 3 ↔ −1/2 1/2; 4 ↔ −1/2 − 1/2. Applying this mapping to the density
matrix ρ one can write
ρ1/2 =

ρ 1
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 . (2)
The basis e1 = | ↑↑〉, e2 = | ↑↓〉, e3 = | ↓↑〉, e4 = | ↓↓〉 is defined for this two-qubit state. Let
us consider two subsystems on spaces H1 and H2 such that H = H1 ⊗H2. Reduced density
operators ρ1, ρ2 are defined as partial traces of ρ1/2. Result operators are operators on spaces
H1 and H2, respectively. Thus the reduced density matrices of the first and the second qubit
are defined as
ρ1 =
(
ρ11 + ρ22 ρ13 + ρ24
ρ31 + ρ42 ρ33 + ρ44
)
, ρ2 =
(
ρ11 + ρ33 ρ12 + ρ34
ρ21 + ρ43 ρ22 + ρ44
)
. (3)
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In terms of the density matrix for two-qubit state (2), it can be rewritten as following
ρ1 =
(
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. (5)
Hence, the von Neumann entropies for qubit subsystems and for the hall two-qubit system
can be obtained as
S1 = −Trρ1 ln ρ1, S2 = −Trρ2 ln ρ2, S12 = −Trρ1/2 ln ρ1/2 . (6)
The quantum information is defined as the difference of the sum of the entropies of the first
and the second qubit states and the entropy of the two-qubit state, i.e.
Iq = S1 + S2 − S12 . (7)
Obviously, the quantum information satisfies the inequality Iq ≥ 0. Hence, we get
−Trρ1 ln ρ1 − Trρ2 ln ρ2 ≥ −Trρ1/2 ln ρ1/2 . (8)
The inequality (8) is called the subadditivity condition of the system of two qubits.
3. Separability and Entanglement
Let us define the composite quantum system on the Hilbert space HAB... and its subsystems
on HA, HB etc. It is postulated that the composite system of these subsystems is represented
by their direct product HAB... = HA ⊗HB ⊗ . . .. The following definitions are introduced in
[12].
The composite state is called correlated if and only if its density operator ρAB... cannot
be written as a product operator
ρAB... 6= ρAi ⊗ ρBi ⊗ . . . .
A state is called separable if and only if the density operator of the composite system ρAB
can be written as
ρAB... =
n∑
i=1
piρ
A
i ⊗ ρBi ⊗ . . . ,
n∑
i=1
pi = 1.
The separable state has no quantum entanglement.
A state is called entangled if and only if the state is correlated and not separable
ρAB... 6=
n∑
i=1
piρ
A
i ⊗ ρBi ⊗ . . . ,
n∑
i=1
pi = 1.
Below, we will consider the two-qubit system described in Section 2. Thus, latter definitions
can be rewritten in terms of matrices (2) and (4). For example the two-qubit state is correlated
if and only if
ρ1/2 6= ρ1 ⊗ ρ2.
4 Separability and Entanglement of Spin 1 Particle
4. Results
4.1. Entropic inequality for qutrit
The system with spin 1 (qutrit) is defined on the tree dimensional Hilbert space. Hence, we
define the 3× 3 density matrix
ρ =
 ρ11 ρ12 ρ13ρ21 ρ22 ρ23
ρ31 ρ32 ρ33
 , ρ = ρ†, T rρ = 1 . (9)
with nonnegative eigenvalues. We shall use results known for the two-qubit system (see Section
2). To this end, we add the matrix (9) with zero row and column so that its dimension becomes
4× 4, i.e.
ρ˜ =

ρ11 ρ12 ρ13 0
ρ21 ρ22 ρ23 0
ρ31 ρ32 ρ33 0
0 0 0 0
 . (10)
It is obvious, that latter procedure does not change the properties of the density matrix (9),
apart of the fours zero eigenvalue appears. The latter density matrix can describe a state in a
four-dimensional Hilbert space H. Then analogously to (3) we can write two reduced density
matrices which can be considered as density matrices of artificial ”qubit” states
ρ˜1 =
(
ρ11 + ρ22 ρ13
ρ31 ρ33
)
, ρ˜2 =
(
ρ11 + ρ33 ρ12
ρ21 ρ22
)
. (11)
Hence, like in Section 3, the von Neumann entropies for the qutrit can be obtained as
S˜1 = −Trρ˜1 ln ρ˜1 = −Tr
(
ρ11 + ρ22 ρ13
ρ31 ρ33
)
ln
(
ρ11 + ρ22 ρ13
ρ31 ρ33
)
, (12)
S˜2 = −Trρ˜2 ln ρ˜2 = −Tr
(
ρ11 + ρ33 ρ12
ρ31 ρ22
)
ln
(
ρ11 + ρ33 ρ12
ρ21 ρ22
)
,
S˜12 = −Trρ˜ ln ρ˜.
Note that the S˜1, S˜2 are not the entropies of subsystems because the system with spin 1 does
not contain subsystems. Analogically to Section 2 the quantum information is defined as
Iq = S˜1 + S˜2 − S˜12 . (13)
The entropy functions can be expressed in terms of the eigenvalues. For example, we have
S˜12 = −
4∑
i=1
λi lnλi
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where λi, i = 1, 2, 3, 4 are the eigenvalues of the density matrix (10). Obviously, the quan-
tum information satisfies the inequality Iq ≥ 0. Hence, using (8), we can write for the matrix
(10) the following inequality [13]
Iq = −Tr
(
ρ11 + ρ22 ρ13
ρ31 ρ33
)
ln
(
ρ11 + ρ22 ρ13
ρ31 ρ33
)
(14)
− Tr
(
ρ11 + ρ33 ρ12
ρ21 ρ22
)
ln
(
ρ11 + ρ33 ρ12
ρ21 ρ22
)
+
4∑
i=1
λi lnλi ≥ 0.
The inequality (14) is the subadditivity condition of the system with spin 1, which does not
contain subsystems.
As an example of a qutrit density matrix we can take the following one
ρ =
1
3
 1 + b 0 00 1 + b 0
0 0 1− 2b
 , (15)
where from the positivity condition it can be deduced that −1 ≤ b ≤ 1/2. Adding this matrix
with zeros, like in (10), we can rewrite entropies (12) for a qutrit state. Hence, the inequality
(14) is determined by
Iq =
1
3
((
ln
(
b+ 1
3
)
+ ln
(
2− b
3
)
+ ln
(
2b+ 2
3
))
b
+
(
ln
(
b+ 1
3
)
+ ln
(
2− b
3
)
+ ln
(
2b+ 2
3
)))
≥ 0.
In Figure 1 the latter inequality is shown for different value of the parameter b.
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Fig. 1. Iq (Y-axes) for the state with the density matrix (15), −1 ≤ b ≤ 1/2 (X-axes).
4.2. Negativity and concurrence
In [14, 15] the notion of concurrence for two-qubit system was introduced. In this section
we will define the concurrence for the noncomposite system on the example of the single
qutrit. Let us introduce the analog of positive partial transpose operation which is known
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for bipartite system for the qutrit state. We consider the density matrix (9) zero-added as in
(10). Then the ppt matrix with eigenvalues λppt is determined by
ρppt =

ρ11 ρ21 ρ13 ρ23
ρ12 ρ22 0 0
ρ31 0 ρ33 0
ρ32 0 0 0
 , (16)
In the case when the following inequality
|λppt
1
|+ |λppt
2
|+ |λppt
3
|+ |λppt
4
| > 1
holds, we can interpret the sum in the left-hand side of this inequality as negativity parameter
characterizing the state of the qutrit. As an example, we can take the following two-parametric
matrix
ρ =
 p 0 00 1− 2p b
0 b p
 . (17)
Adding the latter matrix with zero row and column as in (10) and doing ppt operation, we
can write the negativity as
|1− 2p|+ |p|+
∣∣∣∣∣p2 −
√
4b2 + p2
2
∣∣∣∣∣+
∣∣∣∣∣p2 +
√
4b2 + p2
2
∣∣∣∣∣ > 1
where due to the fact that eigenvalues must be nonnegative, parameters must satisfy condi-
tions 0 < p < 0.5, 2p2 − p < b < 0. In Figure 2 the negativity is shown for various parameter
b.
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2
−p)/3
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−p
Fig. 2. Negativity for matrix (17) (Y-axes), 0 < p < 0.5 (X-axes).
The concurrence is defined by [15]
C(ρ) = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4} , (18)
where λi, i = 1, 2, 3, 4 are the eigenvalues of matrix ρ˜ρ
C in decreasing order. We use the
definition of concurrence which is analogue to concurrence for two-qubit system. The matrix
ρC is obtained by spin flip operation on the qudit density matrix
ρC = (σy ⊗ σy)ρ˜∗(σy ⊗ σy) , (19)
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where σy is a Pauli matrix and
(σy ⊗ σy) =

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0
 .
Hence after the spin flip operation the matrix (19) is determined by
ρC =

0 0 0 0
0 ρ∗
33
ρ∗
32
−ρ∗
31
0 ρ∗23 ρ
∗
22 −ρ∗21
0 −ρ∗
13
−ρ∗
12
ρ∗
11
 .
If matrix ρ˜ is real, then the eigenvalues of ρ˜ρC are the following
λC
1
=
ρ223 + ρ
2
32 + (ρ23 + ρ32)
√
ρ2
23
− 2ρ23ρ32 + ρ232 + 4ρ22ρ33
2
+ ρ22ρ33,
λC2 =
ρ2
23
+ ρ2
32
− (ρ23 + ρ32)
√
ρ2
23
− 2ρ23ρ32 + ρ232 + 4ρ22ρ33
2
+ ρ22ρ33,
λC3 = 0, λ
C
4 = 0.
Substituting the latter eigenvalues in (18) we can obtain the concurrence for the qutrit state.
For matrix (17) the concurrence has the following form
C(ρ) = max
{
0,
√
p+ b2 − 2p2 − 2b
√
p− 2p2 −
√
p+ b2 − 2p2 + 2b
√
p− 2p2
}
. (20)
In Figure 3 the concurrence (20) is shown for various parameters b.
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
b=0
b = (2p
2
−p)/2
b = 2(2p
2
−p)/3
b = 2p
2
−p
Fig. 3. Concurrence for matrix (17) (Y-axes), 0 < p < 0.5 (X-axes).
4.3. Symmetric spin state
Let us consider a composite state of two 1/2 particles. The following basis can be obtained
g1 = | ↑↑>= |1, 1 >, g2 = 1√
2
| ↑↓> +| ↓↑>= |1, 0 >, g3 = | ↓↓>= |1,−1 >,
g4 =
1√
2
| ↑↓> −| ↓↑>= |0, 0 >,
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where g1, g2, g3 correspond to symmetrical states and g4 to asymmetrical state. The connec-
tion between basis g and basis e for two-qubit system (see Section 2) is the following
gj =
4∑
k=1
ckjek, j = 1, 2, 3, 4,
where ckj are elements of matrix C representing the change of the basis
C =

1 0 0 0
0 1√
2
1√
2
0
0 1√
2
− 1√
2
0
0 0 0 1
 .
The state of qutrit of the composed two spin 1/2 system is entangled state. The two-qubit
system state given by the density matrix (2) with specific choice of coefficients is entangled too.
But these two entanglements correspond to different choices of basis in the four dimensional
Hilbert space of the system states.
In the basis g, the 4× 4 density matrix has the following form
〈jm|ρ|j′m′〉 =

ρ11
11
ρ11
10
ρ11
1−1 ρ
10
10
ρ11
01
ρ11
00
ρ11
0−1 ρ
10
00
ρ1131 ρ
11
32 ρ
11
33 ρ
10
−10
ρ01
01
ρ10
00
ρ01
0−1 ρ
00
00
 , (21)
where we use the notation ρjj
′
mm′ for the matrix elements. If we cut from the matrix (21) the
fourth row and column, corresponding to asymmetrical state, and replace them with the zero
row and column, we obtain a matrix similar to (10), i.e.
ρs =

ρ1111 ρ
11
10 ρ
11
1−1 0
ρ11
01
ρ11
00
ρ11
0−1 0
ρ11
31
ρ11
32
ρ11
33
0
0 0 0 0
 . (22)
Hence the spin 1 system considered as symmetric spin state of two spin 1/2 particles can be
characterized by the density matrix (22). The inequality (24) holds for the latter matrix.
The technique of appending zero rows and columns to the density matrix can be applied
to the matrix (1). From four dimensional matrix we can get 6× 6 density matrix
˜˜ρ =

0 0 0 0 0 0
0 ρ11 ρ12 ρ13 ρ14 0
0 ρ21 ρ22 ρ23 ρ24 0
0 ρ31 ρ32 ρ33 ρ34 0
0 ρ41 ρ42 ρ43 ρ44 0
0 0 0 0 0 0
 . (23)
As in the previous section, we can construct the reduced density matrices
˜˜ρ1 = ( ρ11 + ρ22 ρ14ρ41 ρ33 + ρ44
)
, ˜˜ρ2 =
 ρ33 ρ34 0ρ43 ρ11 + ρ44 ρ12
0 ρ21 ρ22
 .
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Therefore, the entropic inequality is
−Tr
(
ρ11 + ρ22 ρ14
ρ41 ρ33 + ρ44
)
ln
(
ρ11 + ρ22 ρ14
ρ41 ρ33 + ρ44
)
(24)
− Tr
 ρ33 ρ34 0ρ43 ρ11 + ρ44 ρ12
0 ρ21 ρ22
 ln
 ρ33 ρ34 0ρ43 ρ11 + ρ44 ρ12
0 ρ21 ρ22
+ 4∑
i=1
˜˜
λi ln
˜˜
λi ≥ 0.
Thus, we can construct the matrices of any higher even dimensions from matrices of odd
dimensions and write for them the variety of entropic inequalities. The same technique can
be extended on the matrices of even dimensions as it was shown on the example (23) to get
more entropic inequalities for them.
5. Conclusion
To conclude we point out the main results of our work. We considered the separability and
entanglement notion for the qutrit state, e.g tree-level atom. The analog of concurrence
and negativity were introduced for the non composite qutrit state. Composite system with
spin s = 1 corresponding to symmetric state of two spin 1/2 particles was studied and
the concurrence and negativity were evaluated explicitly. Using the known property of non
invariance of the entanglement with respect to change of basis of the Hilbert space of states we
studied the notion of entanglement for symmetric state of spin 1/2 particle and its difference
with respect to known entanglement properties of Bell state. Applying the known technics
for the two-qubit systems the new entropic inequalities for such system were obtained. Latter
results were demonstrated on the examples of one and two parametric density matrices.
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